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Abstract
It is argued that the Unruh effect may be interpreted as a duality of a theory on dif-
ferent backgrounds. This issue is revisited in String Theory in the path integral formalism.
By using T-duality and the Unruh effect, the T-dual transformation for acceleration is in-
vestigated and a maximum effective physical acceleration for observers in String Theory is
found.
1 Introduction
String theory is a promising candidate for a physical theory of quantum gravity. It is based
on the assumption that one-dimensional extended fundamental strings play a major role in the
theory in many regimes. There is only one dimension-full parameter in the theory, the string
length α′1/2, and all other parameters are vacuum expectation values of dynamical fields of the
theory [1, 2].
In some sense, this fundamental length is the minimum possible distance probed in String
Theory. In scattering of strings at weak coupling, the hard limit of the amplitudes indicates
objects of size α′1/2 [3]. Also, on toroidal compactifications of String Theory, there is an equiv-
alence of large and small radii, when compared to the string length. This equivalence and
its generalizations are referred to as T-duality between backgrounds (see [4] and references
therein). The self-dual radius, given exactly by the string length, yields a minimum effective
physical length for the radii of the tori.
Considering the low-energy limit of String Theory, a Supergravity solution is generally not
supposed to hold in regions where the curvature is bigger than the string scale or at distances
smaller than its characteristic length. In this case, corrections due to string-size effects are
necessary. Usually, in any attempt to construct a field theory or to describe physical phenomena
at energy scales closer to the inverse string length, new stringy effects appear [5, 6].
Heuristically, relativistic theories with a minimum fundamental length λ have an upper
bound on the possible maximum acceleration ac given by
ac ∼ 1
λ
. (1)
Extended objects have also a critical acceleration due to causality arguments. In fact, for an
object with proper length λ, if some point on it has an acceleration bigger than 1/λ then it
will be causally disconnected from other points on the object, since it will perceive a Rindler
horizon at distance smaller than λ [7]. So, consistent acceleration of fundamental extended
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objects should satisfy a < 1/λ. From this, one sees that accelerated fundamental strings should
be treated carefully. One should also recall that in String Theory, the fundamental objects
are quantum objects, such that simple classical heuristic arguments may not apply directly for
fundamental strings.
In fact, quantum mechanically, we also find possible limits on acceleration [8]. For strings,
in [9, 10] it was shown that arbitrary large acceleration leads to instabilities in the string
proper’s length. A universal maximum critical acceleration was first recognized as an intrinsic
property of String Theory in [11] (see also [12, 13, 14, 15]). Also, strings in Rindler spacetime
were considered in [16], motivated by the connection between accelerated frames and black hole
backgrounds. A divergence in string partition functions was interpreted as maximal acceleration
close to Rindler horizon in [17], though the authors concluded that such divergence is due to
an extrapolation of field theory to strings.
In any analysis of quantum relativistic systems on accelerated frames one should consider
the Fulling-Davies-Unruh, Davies-Unruh, or simply Unruh effect [18, 19, 20, 21] (for a review,
see [22]). An observer accelerating in the inertial vacuum will be in a thermal bath with
temperature that depends on its acceleration. So, quantization in its frame should be done
taking this thermal bath into account. The Unruh effect in String Theory was considered in
several papers from different perspectives [16, 23, 24, 25] (for connections with holography, see
[26]). A more systematic approach in terms of path integrals, analogous to the analysis of [21]
is presented in section 3.
Strings at finite temperature have interesting new properties when compared with particles
[27] (see also references therein). More striking is the existence of a maximum temperature for
a gas of strings, the Hagedorn temperature1 TH [30]. Also, due to the existence of winding
modes in the string case, T-duality implies that there is a duality between temperatures greater
and smaller than a self-dual temperature of the order of TH . Thus, effectively, there is a
maximum possible temperature for a thermal bath of strings [27]. From this observation and
the connection between temperature and acceleration through the Unruh effect, we may suspect
that there should possibly be a maximum acceleration for observers in String Theory. A relation
between T-duality of temperature and acceleration seems very plausible at least.
The goal of this work is to study and elucidate the connection between the Unruh effect,
acceleration, temperature and T-duality in String Theory. The paper is organized as follows:
In section 2 the Unruh effect as formulated in the path integral formalism is reviewed and it is
argued that it may be seen as a duality (technical details are given in appendix A); in section 3,
a path integral proof of the Unruh effect first for relativistic point particle and then for strings
is given; based on T-duality of temperature and the Unruh effect, a T-duality transformation
of acceleration is proposed in section 4; section 5 is a discussion of the results and a possible
relation with the Hagedorn phase transition; in section 6 the conclusions are presented.
On notation. Natural units are adopted throughout the paper, c = 1, ~ = 1, kB = 1, and
the subscript E in some time variables is used to emphasize Euclidean signature.
2 The Unruh effect as a duality
Quantum Field Theory is constructed in a Lorentz invariant way, such that the vacuum of
a theory is the same for all inertial observers. The fact that two observers non-related by a
Lorentz transformation assign different states for their respective vacua is the main reason for
1For investigations on string thermodynamics near the Hagedorn temperature and in Rindler spacetime, see
[28, 29] and references therein.
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the Unruh Effect, which states that a uniform accelerated observer will experience a thermal
bath in the vacuum state of inertial observers. The temperature T of the thermal state as seen
by the accelerated observer is related with its proper acceleration a by the Unruh temperature
formula,
T =
a
2pi
. (2)
In practice, one can show this by noticing that creation and annihilation operators in the
mode expansion of fields in the accelerated frame are related to the corresponding operators in
the inertial frame by a Bogoliubov transformation [22].
It was also shown in [21] that the Unruh effect can be derived directly from the partition
function of the theory. In fact, the Euclidean path integral for a field theory defined on a Rindler
wedge, with Rindler metric
ds2 = G(a)µν (x)dx
µdxν = a2r2dη2E + dr
2 + δijdx
i
⊥dx
j
⊥, (3)
and with time compactified on a circle of radius β/2pi is identical to the path integral in Eu-
clidean space provided aβ = 2pi, that is,
ZS1
β
2pi
×R∗
+
×RD−2
[
Gµν = G
(2pi/β)
µν
]
= ZRD [Gµν = δµν ] . (4)
The subscript in Z is a reminder of where the coordinates appearing in the metric take values.
For the Rindler wedge with Euclidean periodic time, we have
(
ηE , r, x
i
⊥
) ∈ S1β/2pi × R∗+ × R, as
r > 0, and the form of the Rindler metric implies that the theory in the left hand side of (4)
is defined on a cone (with deficit angle 2pi − aβ) times flat directions. Thus, for aβ = 2pi it is
topologically equivalent to a flat space.
Since the Euclidean path integral with time taking values in S1β/2pi defines a field theory at
finite temperature with temperature T = 1/β, the condition on the acceleration for the Rindler
metric in the left side of equation (4) is equivalent to equation (2). Therefore, equation (4) is a
formal way to state the Unruh effect: the Euclidean generator for correlators for the accelerated
observer is the same as the inertial one provided the thermal bath is taken into account and its
temperature is related with the proper acceleration via (2).
These results were proved for any interacting field theory containing scalars and spin-1/2
fields, and in the presence of sources in [21]. For a review of the calculation, see appendix A.
So, if aβ = 2pi, any correlation function to be measured by the accelerated observer at finite
temperature should be equal to the correlation functions that inertial observers would measure2.
Generally, the equality of partition functions implies that the theories are the same or that
at least they are dual to each other. Having theories in different backgrounds giving the same
partition function is the definition of a duality between the backgrounds. So, from equation (4)
we conclude that the Unruh effect may be seen as a duality between different backgrounds for
the same relativistic quantum theory.
3 Finite temperature String Theory on the Rindler wedge
Similar to what was done for scalar and spin-1/2 fields in [21] (see also appendix A), we can
consider the string partition function on a Rindler wedge with compactified time and prove the
2The local operators in the correlators of both theories should be evaluated at the corresponding spacetime
points for both observers. Also, one should consider the relative transformation of the operators for each observer.
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Unruh effect in String Theory in the path integral formalism. Before doing that, let us consider
the relativistic point particle case,
ZS1
β
2pi
×R∗
+
×RD−2
[
G(a)µν
]
=
∫
[dXde]R exp
{
−1
2
∫
dτ
[
e−1
(
a2r2η˙2E+
+ r˙2 + δijX˙
i
⊥X˙
j
⊥
)
+ em2
] }
, (5)
where e(τ) is the einbein of the worldline Xµ(τ) = (ηE(τ), r(τ),X
i
⊥(τ)) parameterized by τ and
overdots denotes derivation with respect to this parameter. The subscript R indicates that the
path integral is over worldlines in the compactfied Rindler wedge, i.e., (ηE(τ), r(τ)) ∈ S1β/2pi×R∗+.
Making the following change of variables in the path integral,
T (τ) = r(τ) sin(aηE(τ)), X(τ) = r(τ) cos(aη(τ)), (6)
gives
ZS1
β
2pi
×R∗
+
×RD−2
[
G(a)µν
]
=
∫
[dXde]R exp
{
−1
2
∫
dτ
[
e−1
(
T˙ 2 + X˙2 + δijX˙
i
⊥X˙
j
⊥
)
em2
]}
. (7)
Due to the periodicity of ηE , not all the (T,X) plane is accessible for the integrated worldlines.
But for the particular value β = 2pi/a, the path integral in the new variables is over worldlines
in all coordinate space, that is, for this specific value of β we have −∞ < T,X,Xi⊥ < ∞. In
this case we can drop the subscript R and write
ZS1
β
2pi
×R∗
+
×RD−2
[
G(a=2pi/β)µν
]
=
∫
[dXde] exp
{
−1
2
∫
dτ
[
e−1δµνX˙
µX˙ν + em2
]}
= ZRD [δµν ] , (8)
which proves the Unruh duality for a relativistic point particle.
Similarly, we can consider the string partition function on a Rindler wedge with compactfied
time,
ZS1
β
2pi
×R∗
+
×RD−2
[
G(a)µν
]
=
∫
[dXdγ]R exp
{
− 1
4piα′
∫
d2σ
√−γγab∂aXµ∂bXνG(a)µν
}
, (9)
where the subscript R in the functional measure is a reminder that we are summing over
embeddings of the worldsheet onto the compactified Rindler wedge, i.e., that the target space
function’s components take values in S1β/2pi × R∗+ × RD−2. We have
ZS1
β
2pi
×R∗
+
×RD−2
[
G(a)µν
]
=
∫
[dXdγ]R exp
{
− 1
4piα′
∫
d2σ
√−γγab
[
a2r2∂aηE∂bηE+
+ ∂ar∂br + δij∂aX
i
⊥∂bX
j
⊥
] }
, (10)
with
0 < η < β, 0 < r <∞, −∞ < Xi⊥ <∞. (11)
Making the following change of variables
X(σ) = r(σ) cos (aη(σ)), (12)
T (σ) = r(σ) sin (aη(σ)), (13)
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we get
ZS1
β
2pi
×R∗
+
×RD−2
[
G(a)µν
]
=
∫
[dXdγ]R exp
{
− 1
4piα′
∫
d2σ
√−γγab [∂aT∂bT+ (14)
+ ∂aX∂bX + δij∂aX
i
⊥∂bX
j
⊥
]}
=
∫
[dXdγ]R exp
{
− 1
4piα′
∫
d2σ
√−γγab∂aXµ∂bXνδµν
}
. (15)
If we now consider aβ = 2pi, as in the point particle case, the new variables cover the entire
target space and we have3
ZS1
β
2pi
×R∗
+
×RD−2
[
G
(a= 2pi
β
)
µν
]
= ZRD [δµν ] . (16)
So, the Polyakov path integral for an accelerating observer in a stringy thermal bath is equal
to the Polyakov path integral for an inertial observer if the acceleration and temperature are
related by the Unruh temperature formula (2). Notice that this case is physically different of
having an accelerating string as seen by an inertial observer.
4 T-duality transformation for acceleration
Let us step back and consider strings at finite temperature as seen by inertial observers. This
case is different from having finite temperature strings for accelerated observers with a Rindler
metric, that was considered in the previous section; as the vacuum state for inertial observers
appears as a thermal state for the accelerated observers, a thermal state for inertial observers
is not a thermal state for the accelerated ones.
For the finite temperature strings in Minskowski spacetime, since the thermal partition
function has a compactified Euclidean direction, we can do a T-duality transformation on this
direction and this should leave the string partition function invariant. Indeed, in the inertial
background, this may be used to find the T-duality transformation of temperature, the radius
R = β/2pi transforming as
β
2pi
→ β˜
2pi
=
2pi
β
α′ =⇒ β˜ = 4pi
2α′
β
. (17)
This implies that the T-dual temperature is (see chapter 9 in [1])
T˜ =
4T 2H
T
, (18)
where TH ≡ 1/(4piα′1/2) is the Hagedorn temperature [27]. From this T-duality transformation
we can calculate the self-dual temperature T∗, given by
T∗ = 2TH =
1
2piα′1/2
. (19)
Now, consider two accelerated observers with different constant proper accelerations, but
such that the corresponding thermal baths have T-dual temperatures. If String Theory describe
their physics, the observers would never differ between these two temperatures, as both are
physically equivalent. In a sense, they would be “dual” to each other, as their measurements of
3This result was also explored in [31] by explicitly computing the partition functions.
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physical quantities associated with the thermal baths would be the same. Thus, by the relation
between temperature and acceleration, it is possible to define a “dual” acceleration.
To find how an observer’s acceleration “transforms” under T-duality, we use the Unruh
duality, equation (16) twice: for the observer that measures a thermal bath at temperature T
and then for the observer at dual temperature T˜ ,
ZS1
β
2pi
×R∗
+
×RD−2
[
G(a=2pi/β)µν
]
= ZRD [ηµν ] = ZS1
β˜
2pi
×R∗
+
×RD−2
[
G(a˜)µν
]
, (20)
so we should have
a˜ =
2pi
β˜
=
β
2piα′
=
1
aα′
. (21)
Therefore, we found the T-duality transformation for observer’s acceleration,
a→ a˜ = 1
aα′
. (22)
The self-dual acceleration is given by
a∗ =
1
α′1/2
, (23)
and it corresponds to the self-dual temperature by (2).
So, from Unruh duality and T-duality, we conclude that the thermal state for the observer
with acceleration a is a thermal state with T-dual temperature for the observer with accel-
eration a˜. Since their respective partition functions are equal, both observers would measure
the same correlators and so amplitudes, upon considering their respective thermal baths with
temperatures related by T-duality. As far as string amplitudes are concerned, they could not
distinguish between being accelerated at uniform acceleration a and in thermal bath at tempera-
ture T or being accelerated at uniform acceleration 1/(aα′) and in thermal bath at temperature
4T 2H/T , by probing only their thermal baths. This is in the same level as physical equivalence
of compactifications on tori with radius R or α′/R.
Therefore, we conclude that effectively, there is a maximal possible acceleration in String
Theory, given by the self-dual value a∗, on the same grounds as there is an effective minimal
length given by the self-dual radius R∗ = α
′1/2.
5 Discussion
T-duality is a duality between different but equivalent backgrounds in String Theory. The results
in this paper indicates that T-duality may also be used to relate measurements of different
observers in String Theory, a property that seems not to have been explored before. Notice
that this ”application” of T-duality depends more on the state of motion of the T-dual-related
observers than on the geometry of the background. In the case presented here, we were able
to find the ”T-dual motion” of proper acceleration. Generalizations of this case are under
investigation.
It is worth emphasizing that the equalities in equation (20) are not due to T-duality trans-
formation of the metric. In fact, using Buscher’s rules [32, 33] to find out the T-dual Rindler
metric in the S1β/2pi direction, we would get
ds˜2 =
1
a2r2
dη˜2E + dr
2 + δijdx
i
⊥dx
j
⊥, (24)
with η˜E ∈ S1β˜/2pi, which is not a Rindler metric for acceleration 1/a. But the proper times of
the observers with accelerations connected by T-duality are the same, and this indicates that
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they are related4. Regardless of such observations, T-duality was only used to construct the
thermal bath with T-dual temperature and to argue that the physics in the presence of both
thermal baths is the same.
Since thermal baths in String Theory were considered, one possible question is the relation
of the present work with the Hagedorn phase transition [27]. It is known that the thermal
partition function for a string gas diverges at temperatures equal or greater than Hagedorn
temperature, physically due to the exponential energy growth in the density of string states.
This divergence is believed to signal a first order phase transition, not totally understood (see
also [34]). But the temperature due to the Unruh effect cannot give rise to phase transitions,
since the thermal state as seen by the accelerated observer is just the vacuum state of the inertial
observers. Accelerated fields or strings were not considered in [21] or in the current work. What
was done in this paper is different than calculating the thermal partition function for a gas of
strings in Minskowski spacetime. Only the usual Polyakov path integral for an inertial string
was used, but as seen by different observers. So, this work does not offer any new approach for
the Hagedorn phase transition.
A potential problem in the arguments of the previous section is the fact that the self-dual
temperature T∗ is larger than the Hagedorn temperature and so its usage is subtle. But note
that the value of the self-dual temperature comes from the T-duality transformation formula,
equation (18), that holds as long as the target space has an compactified Euclidean time direc-
tion. Also, there are thermal string constructions free of Hagedorn instabilities (see for example
[35, 36, 37, 38]) and the arguments of the previous section can be applied for the bosonic sector
of them. Also, there could be potential applications to Euclidean type II∗ theories5 (see [39]
and references therein), as they can be seen as T-dual to type II strings (though in the time-like
direction).
Notice that the arguments to find the maximum acceleration presented in the previous sec-
tion are generally valid, due to the universality of T-duality and the Unruh effect. In particular,
the relation between the maximum acceleration amax and the self-dual temperature,
amax = 2piT∗, (25)
is expected to hold true in general and it is the main result of the present work.
6 Conclusion
In this paper, a novel proof of the Unruh effect in String Theory was given, in the path integral
formalism. Using this result and T-duality, a T-dual transformation of an observer’s proper
acceleration was found and it was argued that there is an effective maximum acceleration in
String Theory, as would be heuristically expected from a theory with minimal length. All of
these results were obtained in bosonic String Theory. Generalizations of this particular case are
under investigation, even though only mild modifications are physically expected.
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A Unruh duality in field theory
In [21] it was shown that all vacuum Green’s functions between spacetime points within the
same Rindler wedge for inertial observers are the same as the Green’s functions for accelerated
observers in thermal equilibrium at a temperature T = a/2pi. This was done starting from
the phase space path integral for scalar and spin-1/2 fields. In this appendix, the core of such
results is reviewed, by showing equation (16) for spin-0 and spin-1/2 theories.
Let us consider scalar fields first. The starting point is the Euclidean partition function for
the accelerated observers:
ZR(β) =
∫
[dφ]P exp
{
−SRE(β)
}
, (26)
where
SRE (β) =
∫ β
0
dηE
∫
r>0
drdD−2x⊥
√
GE
[
1
2
(GE)αβ∂αφ∂βφ+ V (φ)
]
, (27)
with
(dsE)2 = GEαβdx
αdxβ = a2r2dη2E + dr
2 + δijdx
i
⊥dx
j
⊥. (28)
The superscript R indicates that the region of integration in the action is over the Rindler wedge
and the subscript P denotes that the path integral is over field configurations with periodic
boundary condition in time with period β, φ(ηE = 0) = φ(ηE = β). Changing variables to
tE = r sin(aηE), x = r cos(aηE), (29)
with βa ≤ 2pi (in order to this transformation be single valued), we have
(dsE)2 = δµνdx
µdxν = dt2E + dx
2 + δijdx
i
⊥dx
j
⊥, (30)
and the Euclidean path integral is
ZR(β) =
∫
[dφ]P exp
{
−
∫
R
dtEdxd
D−2x⊥
[
1
2
δµν∂µφ∂νφ+ V (φ)
]}
. (31)
The periodic boundary condition becomes
φ(0) = φ(r sin(aβ)), (32)
and then, if β = 2pi/a, it turns into a consistency condition. Also, for this value of β, the region
R is the full (tE , x, x
i
⊥) space and so we get
ZR(β = 2pi/a) =
∫
[dφ] exp {−SE} , (33)
which is the Euclidean generating functional for the theory in inertial coordinates, i.e., for
inertial observers. This proves Unruh duality for scalar theories.
For spin-1/2 case, we need to consider the Dirac action in Rindler coordinates. Let us write
the action for a Dirac fermion in covariant form,
S = −
∫
dDxe(x)ψ¯(x)(γa∇a +m)ψ(x), (34)
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where e = det e aµ is the determinant of the vielbein fields e
a
µ , γ
a are the Dirac matrices and
γa∇a = γce µc
(
∂µ − i
2
(ωµ)
abΣab
)
, (35)
with (ωµ)
ab the spin connection and Σab = −i/4[γa, γb] the Lorentz generators in spin-1/2
representation. For the Rindler metric, the only non-vanishing independent component of the
spin connection is
ω01 = adη, (36)
such that the Dirac action on the Rindler wedge r > 0 is
SR = −
∫
r>0
dηdrdD−2x⊥arψ¯
(
1
ar
γ0∂η + γ
1∂r + γ
i∂i +
1
2r
γ1 +m
)
ψ. (37)
Now, consider the thermal partition function for the accelerated observers,
ZR(β) =
∫
[dψ¯dψ]ψ(0)=−ψ(ηE=β) exp
{
−SRE(β)
}
, (38)
where the fermion fields have antiperiodic boundary condition in time with period β and
SRE (β) =
∫ β
0
dηE
∫
r>0
drdD−2x⊥arψ¯
(
i
ar
γ0∂ηE + γ
1∂r + γ
i∂i +
1
2r
γ1 +m
)
ψ, (39)
is the Euclidean Dirac action in Rindler coordinates. Performing a change of variables in the
functional path integration by
ψ(x)→M(ηE)ψ(x) ≡
(
cos(aηE/2) + iγ
0γ1 sin(aηE/2)
)
ψ(x), (40)
ψ¯(x)→ ψ¯(x)M †(ηE) ≡ ψ¯(x)
(
cos(aηE/2) − iγ0γ1 sin(aηE/2)
)
, (41)
leads to
ZR(β) =
∫
[dψ¯dψ]A exp
{
−
∫ β
0
dηE
∫
r>0
drdD−2x⊥ar
[
i
ar
ψ¯Σ¯0∂ηEψ + ψ¯Σ¯
1∂rψ+
+ ψ¯γi∂iψ +mψ¯ψ
]}
. (42)
The subscript A in the functional measure indicates the antiperiodic condition that is now
written as
ψ(ηE = 0) = −
(
cos(aβ/2) + iγ0γ1 sin(aβ/2)
)
ψ(ηE = β). (43)
Using the same change of variable as in the scalar case equation (29), after some algebra we
get
ZR(β) =
∫
[dψ¯dψ]A exp
{
−
∫
R
dtEdxd
D−2x⊥ψ¯
[
iγ0∂tE + γ
1∂x + γ
i∂i +m
]
ψ
}
. (44)
If now we take β = 2pi/a, the antiperiodic condition becomes a consistency condition and the
region R turns into all space in (tE , x, x
i
⊥) coordinates. Thus,
ZR(β = 2pi/a) =
∫
[dψ¯dψ] exp {−SE} , (45)
where SE is the Dirac action in inertial coordinates. This is the Unruh duality for spin-1/2
fields.
In [21] it is argued that we can use the results presented in this appendix to prove the Unruh
effect for any interacting field theory involving scalars fields and Dirac spinors.
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